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UNIVERSAL DEFORMATION RINGS AND DIHEDRAL BLOCKS WITH TWO
SIMPLE MODULES
FRAUKE M. BLEHER, GIOVANNA LLOSENT, AND JENNIFER B. SCHAEFER
Abstract. Let k be an algebraically closed field of characteristic 2, and let W be the ring of
infinite Witt vectors over k. Suppose G is a finite group and B is a block of kG with a dihedral
defect group D such that there are precisely two isomorphism classes of simple B-modules. We
determine the universal deformation ring R(G, V ) for every finitely generated kG-module V which
belongs to B and whose stable endomorphism ring is isomorphic to k. The description by Erdmann
of the quiver and relations of the basic algebra of B is usually only determined up to a certain
parameter c which is either 0 or 1. We show that R(G, V ) is isomorphic to a subquotient ring
of WD for all V as above if and only if c = 0, giving an answer to a question raised by the first
author and Chinburg in this case. Moreover, we prove that c = 0 if and only if B is Morita
equivalent to a principal block.
1. Introduction
Let k be an algebraically closed field of characteristic p > 0 and let W = W (k) be the ring
of infinite Witt vectors over k. Let G be a finite group, and suppose V is a finitely generated
kG-module whose stable endomorphism ring is isomorphic to k. It was shown in [8] that V has
a universal deformation ring R(G, V ) which is universal with respect to deformations of V over
complete local commutative Noetherian rings with residue field k (see Section 2). In [8] (resp. [3]),
the isomorphism types of R(G, V ) were determined for V belonging to a cyclic block (resp. to a
block with Klein four defect groups). In [4, 5], the rings R(G, V ) were determined for V belonging
to various tame blocks with dihedral defect groups of order at least 8 with one or three isomorphism
classes of simple modules. Using the classification of all groups with dihedral Sylow 2-subgroups
by Gorenstein and Walter in [23], it follows that these blocks include in particular all those blocks
that are Morita equivalent to a principal block with dihedral defect groups and that have one or
three isomorphism classes of simple modules. By [12, Thm. 2], a block of kG with dihedral defect
groups has at most three simple modules up to isomorphism. Hence it remains to study the case
of dihedral blocks with precisely two isomorphism classes of simple modules, and this is the case
we consider in the present paper. The key tools used to determine the universal deformation rings
in all the above cases are results from modular and ordinary representation theory due to Brauer,
Erdmann [20], Linckelmann [27, 28], Carlson-The´venaz [15], and others.
The main motivation for studying universal deformation rings for finite groups is that this case
helps understand ring theoretic properties of universal deformation rings for profinite groups Γ. The
latter have become an important tool in number theory, in particular if Γ is a profinite Galois group
(see e.g. [17], [32, 31], [13] and their references). In [19], de Smit and Lenstra showed that if Γ is an
arbitrary profinite group and V is a finite dimensional vector space over k with a continuous Γ-action
which has a universal deformation ring R(Γ, V ), then R(Γ, V ) is the inverse limit of the universal
deformation rings R(G, V ) when G runs over all finite discrete quotients of Γ through which the
Γ-action on V factors. Thus to answer questions about the ring structure of R(Γ, V ), it is natural
to first consider the case when Γ = G is finite. When determining R(G, V ), the main advantage is
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that one can make use of powerful techniques that are not available for arbitrary profinite groups
Γ, such as decomposition matrices, Auslander-Reiten theory and the Green correspondence.
When studying cyclic blocks in [8], the first author and Chinburg raised the following fundamental
question about the structure of universal deformation rings for finite groups.
Question 1.1. Let B be a block of kG with a defect group D, and suppose V is a finitely generated
kG-module whose stable endomorphism ring EndkG(V ) is isomorphic to k such that the unique
(up to isomorphism) non-projective indecomposable summand of V belongs to B. Is the universal
deformation ring R(G, V ) of V isomorphic to a subquotient ring of the group ring WD?
The results in [3, 4, 5, 8, 11] show that Question 1.1 has a positive answer for all the blocks B
considered in these papers. In particular, this is true if B has cyclic or Klein four defect groups
or if B is Morita equivalent to a principal block with dihedral defect groups and one or three
isomorphism classes of simple modules. Another important question which was raised by Flach [16]
is whether universal deformation rings are always complete intersections. One of the first examples
that this is not true in general was given in [9, 10]. Namely, if k has characteristic 2, S4 is the
symmetric group on 4 letters and E is the unique (up to isomorphism) non-trivial simple kS4-
module, then R(S4, E) ∼= W [t]/(t
2, 2t). Subsequently, it was shown in [5, Cor. 5.1.2] that if B is
Morita equivalent to a principal block with dihedral defect groups of order at least 8 and with three
isomorphism classes of simple modules, then there are infinitely many indecomposable B-modules V
whose stable endomorphism ring is isomorphic to k and whose universal deformation ring R(G, V )
is not a complete intersection.
Suppose now that k has characteristic 2 and B is a block of kG with dihedral defect groups
of order 2d ≥ 8 and with precisely two isomorphism classes of simple B-modules. In [20, Chaps.
VI, IX and p. 294–295], Erdmann gave a list of all possible quivers and relations which determine
the basic algebra of such a block B up to isomorphism. Besides the defect d of B, she needed an
additional parameter c ∈ {0, 1} to describe the isomorphism type of the basic algebra of B. Given
B, it is usually difficult to determine whether c = 0 or c = 1. So far, only a few explicit cases
are known where c has been determined, such as the principal 2-modular block of the symmetric
group S4 (see [20, Cor. V.2.5.1]), the principal 2-modular blocks of certain quotients of the general
unitary group GU2(Fq) when q ≡ 3 mod 4 (see [21, Sect. 1.5]), or the principal 2-modular block
of the projective general linear group PGL2(Fq) when q is any odd prime power (see [6, Cor. 4]).
In all these cases, c turns out to be zero. Moreover, it was proved in [6, Thm. 2] that c is zero for
all blocks B for which there exists a central extension Gˆ of G by a group of order 2 together with
a block Bˆ of kGˆ with generalized quaternion defect groups such that B is contained in the image
of the natural surjection kGˆ → kG. Using the results in [6] together with the classification of all
groups with dihedral Sylow 2-subgroups by Gorenstein and Walter in [23], we will first prove the
following result:
Theorem 1.2. Suppose k has characteristic 2. Let B be a block of kG with dihedral defect groups
of order at least 8 such that there are precisely two isomorphism classes of simple B-modules. Then
B is Morita equivalent to a principal block if and only if the parameter c occurring in Erdmann’s
description in [20] of the quiver and relations of the basic algebra of B is c = 0.
At this point, it is still open whether the parameter c can take the value c = 1 for non-principal
blocks B.
Let Ω be the syzygy functor, which defines a self-equivalence on the stable module category of
kG. Recall that if V0 is a finitely generated indecomposable non-projective kG-module, then Ω(V0)
is defined to be the kernel of a projective cover PV0 → V0. We say V0 has Ω-period ℓ if ℓ is the
smallest positive integer with Ωℓ(V0) ∼= V0.
We will determine the universal deformation rings of all finitely generated kG-modules which
belong to an arbitrary block B of kG with dihedral defect groups and precisely two isomorphism
classes of simple modules. A summary of our main results is as follows. The precise statements can
be found in Propositions 5.2, 6.2, 6.3, 6.4 and 6.5.
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Theorem 1.3. Suppose k has characteristic 2. Let B be a block of kG with a dihedral defect group D
of order 2d where d ≥ 3, such that there are precisely two isomorphism classes of simple B-modules.
Let c be the parameter occurring in Erdmann’s description in [20] of the quiver and relations of
the basic algebra of B. Let V be a finitely generated B-module whose stable endomorphism ring
is isomorphic to k and whose universal deformation ring is R(G, V ). Let V0 be the unique (up to
isomorphism) non-projective indecomposable direct summand of V . Let C be the component of the
stable Auslander-Reiten quiver of B to which V0 belongs. Then one of the following 4 mutually
exclusive cases occurs:
(i) The module V0 is not Ω-periodic, the stable endomorphism ring of every module in C is
isomorphic to k and R(G, V ) is isomorphic to a W -subalgebra of W [Z/2]. Moreover, if B
is a principal block, then R(G, V ) ∼=W [Z/2].
(ii) The module V0 is not Ω-periodic, the only modules in C whose stable endomorphism rings are
isomorphic to k are the modules in the Ω-orbit of V0 and R(G, V ) ∼=W [[t]]/(t pd(t), 2 pd(t))
for a certain monic polynomial pd(t) ∈W [t] of degree 2
d−2−1 whose non-leading coefficients
are all divisible by 2.
(iii) The module V0 has Ω-period 3, the only modules in C whose stable endomorphism rings are
isomorphic to k are the modules at the boundary of C and R(G, V ) ∼= k.
(iv) The module V0 has Ω-period 2, the only module in C whose stable endomorphism ring is
isomorphic to k is the module at the boundary of C and R(G, V ) ∼= W [[t]]/(2 fV0(t)) for a
certain power series fV0(t) ∈W [[t]].
In cases (i)− (iii), R(G, V ) is isomorphic to a subquotient ring of WD. In case (ii), R(G, V ) is not
a complete intersection. Cases (i) − (iii) occur for both c = 0 and c = 0, whereas case (iv) occurs
if and only if c = 1. If case (iv) occurs, then there are infinitely many indecomposable B-modules
with Ω-period 2 whose stable endomorphism rings are isomorphic to k.
Using Theorem 1.2, we obtain the following consequence of Theorem 1.3.
Corollary 1.4. Let B and c be as in Theorem 1.3. Then the following statements are equivalent:
(i) The block B is Morita equivalent to a principal block.
(ii) The parameter c is zero.
(iii) Case (iv) of Theorem 1.3 does not occur for B.
(iv) Question 1.1 has a positive answer for B.
Corollary 1.4 together with the results in [3, 4, 5] lead to the following answer to Question 1.1
for principal blocks with dihedral defect groups. Note that all blocks with Klein four defect groups
are Morita equivalent to principal blocks (see e.g. [2, §6.6]).
Theorem 1.5. Suppose k has characteristic 2, and suppose B is a block of kG with dihedral defect
groups of order at least 4 which is Morita equivalent to a principal block. Then Question 1.1 has a
positive answer for B.
The paper is organized as follows. In Section 2, we review the basic definitions and results
concerning universal deformation rings of modules for finite groups. We then let B be a 2-modular
block with dihedral defect groups such that there are precisely two isomorphism classes of simple
B-modules. In Section 3, we provide the quiver and relations for the basic algebra of B as given
in [20], and we describe the ordinary characters belonging to B as given in [12]. In Section 4,
we prove Theorem 1.2. In Section 5, we determine all finitely generated B-modules whose stable
endomorphism rings are isomorphic to k. In Section 6, we prove Theorem 1.3. In Section 7, we
provide some background on the representation theory of the basic algebra of B.
2. Preliminaries
Let k be an algebraically closed field of characteristic p > 0, let W be the ring of infinite Witt
vectors over k and let F be the fraction field of W . Let C be the category of all complete local
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commutative Noetherian rings with residue field k. The morphisms in C are continuous W -algebra
homomorphisms which induce the identity map on k.
Suppose G is a finite group and V is a finitely generated kG-module. A lift of V over an object
R in C is a finitely generated RG-module M which is free over R together with a kG-module
isomorphism φ : k ⊗R M → V . We denote such a lift by (M,φ). Two lifts (M,φ) and (M
′, φ′) of
V over R are said to be isomorphic if there is an RG-module isomorphism f : M → M ′ such that
φ′ ◦ (k⊗R f) = φ. The isomorphism class [M,φ] of a lift (M,φ) of V over R is called a deformation
of V over R, and the set of such deformations is denoted by DefG(V,R). The deformation functor
FV : C → Sets is defined to be the covariant functor which sends an object R in C to DefG(V,R)
and a morphism α : R → R′ in C to the set map FV (α) : DefG(V,R) → DefG(V,R
′) such that
FV ([M,φ]) = [R
′ ⊗R,α M,φα] where φα is the composition k ⊗R′ (R
′ ⊗R,α M) ∼= k ⊗R M
φ
−→ V .
In case there exists an objectR(G, V ) in C and a lift (U(G, V ), φU ) of V overR(G, V ) such that for
each R in C and for each lift (M,φ) of V overR there exists a unique morphism α : R(G, V )→ R in C
such that [M,φ] = FV (α)([U(G, V ), φU ]), then R(G, V ) is called the universal deformation ring of V
and the deformation [U(G, V ), φU ] is called the universal deformation of V . In other words, R(G, V )
represents the functor FV in the sense that FV is naturally isomorphic to HomC(R(G, V ),−). For
more information on deformation rings see [19] and [29].
Remark 2.1. The above definition of deformations differs from the definition used in [3, 8]. Namely,
given a lift (M,φ) of V over an object R in C, in [3, 8] the isomorphism class of M as an RG-
module was called a deformation of V over R, without taking into account the specific isomorphism
φ : k⊗RM → V . In general, a deformation of V over R according to the latter definition identifies
more lifts than a deformation of V overR that respects the isomorphism φ of a representative (M,φ).
However, if the stable endomorphism ring EndkG(V ) is isomorphic to k, these two definitions of
deformations coincide (see e.g. [7, Remark 2.1]).
The following result was proved in [8]. As above, Ω denotes the syzygy functor.
Proposition 2.2. [8, Prop. 2.1 and Cors. 2.5 and 2.8] Suppose V is a finitely generated kG-module
whose stable endomorphism ring EndkG(V ) is isomorphic to k. Then V has a universal deformation
ring R(G, V ). Moreover:
(i) If V0 is the unique (up to isomophism) non-projective indecomposable summand of V , then
EndkG(V0)
∼= k and R(G, V ) ∼= R(G, V0).
(ii) We have EndkG(Ω(V ))
∼= k and R(G, V ) ∼= R(G,Ω(V )).
3. Dihedral blocks with two simple modules
In [12], Brauer proved that a 2-modular block with dihedral defect groups contains at most
three simple modules up to isomorphism. For the remainder of the paper, we make the following
assumptions.
Hypothesis 1. Let k be an algebraically closed field of characteristic 2, letW be the ring of infinite
Witt vectors over k and let F be the fraction field of W . Let d ≥ 3 be a fixed integer. Suppose G is
a finite group and B is a block of kG having a dihedral defect group D of order 2d such that there
are precisely two isomorphism classes of simple B-modules.
3.1. Basic algebras of dihedral blocks with two simple modules. Under the assumptions of
Hypothesis 1, it follows from [20, Chaps. VI, IX and p. 294–295] that there exist i ∈ {1, 2} and
c ∈ {0, 1} such that the basic algebra of B is isomorphic to the symmetric k-algebra Λi,c, as defined
in Figure 1. The corresponding decomposition matrices are given in Figure 2.
Let i ∈ {1, 2} and c ∈ {0, 1} such that B is Morita equivalent to Λi,c. Let S0 (resp. S1) be a simple
Λi,c-module corresponding to the vertex 0 (resp. 1) of Qi. Let T0 (resp. T1) be a simple B-module
corresponding to S0 (resp. S1) under the Morita equivalence between B and Λi,c. The radical
series of the projective indecomposable Λi,c-modules (and hence of the projective indecomposable
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Figure 1. The basic algebras Λ1,c = kQ1/I1,c and Λ2,c = k Q2/I2,c.
Q1 =
0 1
•α ::
β
//
•
γ
oo and
I1,c = 〈βγ, α
2 − c (γβα)2
d−2
, (γβα)2
d−2
− (αγβ)2
d−2
〉,
Q2 =
0 1
•α ::
β
//
•
γ
oo ηdd and
I2,c = 〈ηβ, γη, βγ, α
2 − c γβα, γβα− αγβ, η2
d−2
− βαγ〉.
Figure 2. The decomposition matrix for a block B of kG that is Morita equivalent
to Λ1,c (resp. Λ2,c).
ϕ0 ϕ1
χ1
χ2
χ3
χ4
χ5,j


1 0
1 0
1 1
1 1
2 1


1 ≤ j ≤ 2d−2 − 1

resp.
ϕ0 ϕ1
χ1
χ2
χ3
χ4
χ5,j


1 0
1 0
1 1
1 1
0 1


1 ≤ j ≤ 2d−2 − 1


.
B-modules) can be described by the pictures in Figure 3, where we use 0 (resp. 1) as shorthand
for S0 (resp. S1). The radical series length of the projective indecomposable Λ1,c-modules P0 and
P1 is 3 · 2
d−2 + 1. The radical series length of the projective indecomposable Λ2,c-module P0 (resp.
P1) is 4 (resp. 4 if d = 3 and 2
d−2 + 1 if d ≥ 4).
3.2. Ordinary characters for dihedral blocks with two simple modules. We now describe
the ordinary characters belonging to B as given in [12]. Since B contains exactly two isomorphism
classes of simple kG-modules, this means that in the notation of [12, Sect. 4] we are in Case (ab)
(see [12, Thm. 2]).
For 2 ≤ ℓ ≤ d− 1, let ζ2ℓ be a fixed primitive 2
ℓ-th root of unity in an algebraic closure of F . Let
χ1, χ2, χ3, χ4, χ5,j , 1 ≤ j ≤ 2
d−2 − 1,
be the ordinary irreducible characters of G belonging to B, corresponding to the rows of the decom-
position matrices in Figure 2. Let δ be an element of order 2d−1 in D. By [12], there is a block bδ
of kCG(δ) with b
G
δ = B which contains a unique 2-modular character ϕ
(δ) such that the following
is true. There is an ordering of (1, 2, . . . , 2d−2 − 1) such that for 1 ≤ i ≤ 2d−2 − 1 and r odd,
(3.1) χ5,j(δ
r) = (ζrj
2d−1
+ ζ−rj
2d−1
) · ϕ(δ)(1).
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Figure 3. The projective indecomposable Λi,c-modules P0 and P1 for i = 1 (resp.
i = 2).
P0 =
0
0 1
1 0
0 0
0 1
: :
: :
1 0
0 0
0 1
1 0
0
, P1 =
1
0
0
:
:
1
0
0
1
0
0
1

resp. P0 =
0
0 1
1 0
0
, P1 =
1
1 0
1 0
:
:
1
1


.
Note that W contains all roots of unity of order not divisible by 2. Hence by [12] and by [22], the
characters χ1, χ2, χ3, χ4 correspond to simple FG-modules. On the other hand, the characters χ5,j ,
j = 1, . . . , 2d−2 − 1, fall into d − 2 Galois orbits O2, . . . ,Od−1 under the action of Gal(F (ζ2d−1 +
ζ−1
2d−1
)/F ). Namely for 2 ≤ ℓ ≤ d − 1, Oℓ = {χ5,2d−1−ℓ(2u−1) | 1 ≤ u ≤ 2
ℓ−2}. The field generated
by the character values of each ξℓ ∈ Oℓ over F is F (ζ2ℓ + ζ
−1
2ℓ
). Hence by [22], each ξℓ corresponds
to an absolutely irreducible F (ζ2ℓ + ζ
−1
2ℓ
)G-module Xℓ. By [25, Satz V.14.9], this implies that for
2 ≤ ℓ ≤ d− 1, the Schur index of each ξℓ ∈ Oℓ over F is 1. Hence we obtain d− 2 non-isomorphic
simple FG-modules V2, . . . , Vd−1 with characters ρ2, . . . , ρd−1 satisfying
(3.2) ρℓ =
∑
ξℓ∈Oℓ
ξℓ =
2ℓ−2∑
u=1
χ5,2d−1−ℓ(2u−1) for 2 ≤ ℓ ≤ d− 1.
By [25, Hilfssatz V.14.7], EndFG(Vℓ) is a commutative F -algebra isomorphic to the field generated
over F by the character values of any ξℓ ∈ Oℓ. This means
(3.3) EndFG(Vℓ) ∼= F (ζ2ℓ + ζ
−1
2ℓ
) for 2 ≤ ℓ ≤ d− 1.
By [12], the characters χ5,j have the same degree x for 1 ≤ j ≤ 2
d−2 − 1. The characters
χ1, χ2, χ3, χ4 have height 0 and χ5,j , 1 ≤ j ≤ 2
d−2− 1, have height 1. Let C be the conjugacy class
in G of δ, and let t(C) ∈ WG be the class sum of C. Using the same arguments as in [5, Sect. 3.4],
we obtain the following action of t(C) on Vℓ for 2 ≤ ℓ ≤ d − 1. There exists a unit w in W such
that for 2 ≤ ℓ ≤ d− 1, the action of t(C) on Vℓ is given as multiplication by
(3.4) w · (ζ2
d−1−ℓ
2d−1 + ζ
−2d−1−ℓ
2d−1
)
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when we identify EndFG(Vℓ) with EndF (ζ
2ℓ
+ζ−1
2ℓ
)G(Xℓ) for an absolutely irreducible F (ζ2ℓ + ζ
−1
2ℓ
)G-
constituent Xℓ of Vℓ with character χ5,2d−1−ℓ .
Definition 3.1. Define
pd(t) =
d−1∏
ℓ=2
min.pol.F (ζ2ℓ + ζ
−1
2ℓ
),
where
min.pol.F (ζ22 + ζ
−1
22 )(t) = t,
min.pol.F (ζ2ℓ + ζ
−1
2ℓ
)(t) =
(
min.pol.F (ζ2ℓ−1 + ζ
−1
2ℓ−1
)(t)
)2
− 2 for ℓ ≥ 3.
Define R′ to be the W -algebra R′ = W [[t]]/(pd(t)). Then R
′ is a complete local commutative
Noetherian ring with residue field k.
4. Principal dihedral blocks with two simple modules
In this section, we prove Theorem 1.2. Let k, d, G, B and D be as in Hypothesis 1. For c ∈ {0, 1},
let Λ1,c and Λ2,c be the basic k-algebras introduced in Section 3.1 (see Figure 1).
It follows from [6, Cor. 4] that for each d ≥ 3 and each i ∈ {1, 2}, there exists a group with
dihedral Sylow 2-subgroups of order 2d whose principal 2-modular block is Morita equivalent to
Λi,0. Using the results [6, Thm. 2 and Cor. 3], we now prove that if B is a principal block, then the
parameter c must always be equal to zero. Theorem 1.2 is then an immediate consequence, since
for all i, i′ ∈ {1, 2} and c, c′ ∈ {0, 1}, Λi,c is isomorphic to Λi′,c′ if and only i = i
′ and c = c′ (see
[20, Sect. VI.8]).
Theorem 4.1. Assume Hypothesis 1. Further assume that B is the principal block of kG.
(i) There exists i ∈ {1, 2} such that B is Morita equivalent to Λi,0, i.e. the parameter c is zero.
(ii) There exists an involution τ in G such that if X is a uniserial B-module with composition
factors k, k, then ResG〈τ〉(X)
∼= k〈τ〉.
Proof. Let O2′(G) be the maximal normal subgroup of G of odd order, and let G = G/O2′(G).
Since k has characteristic 2, the blocks of kG correspond to the blocks of kG whose primitive
central idempotents occur in the decomposition of the central idempotent 1#O2′ (G)
∑
g∈O2′ (G)
g. In
particular, the principal block B of kG is isomorphic to the principal block B of kG. If V, V ′ are kG-
modules belonging to B then O2′(G) acts trivially on V, V
′ and V, V ′ are inflations of kG-modules
belonging to B. Since O2′(G) has odd order, it also follows that each element t ∈ G of order 2 has
a preimage t ∈ G of order 2. Thus it suffices to prove Theorem 4.1 for G = G and B = B.
By the classification of the finite groups with dihedral Sylow 2-subgroups in [23], it follows that
G = G/O2′(G) is isomorphic to either
(a) a subgroup of PΓL2(Fq), for some odd prime power q, that contains PSL2(Fq), or
(b) the alternating group A7, or
(c) a Sylow 2-subgroup of G.
By assumption, B has precisely two isomorphism classes of simple modules. Since in case (b) (resp.
case (c)), the principal 2-modular block has precisely 3 (resp. 1) isomorphism classes of simple
modules, we are in case (a).
Let q = pf be an odd prime power. Then PΓL2(Fq) is the group of semilinear fractional maps
(4.5) σa,b,c,d,ν : x 7→
axν + b
cxν + d
over Fq, where a, b, c, d ∈ Fq with ad− bc 6= 0 and ν ranges over all automorphisms in Gal(Fq/Fp) ∼=
Z/f . Let ϕ : Fq → Fq be the Frobenius automorphism, i.e. ϕ(x) = x
p for all x ∈ Fq. Then
Gal(Fq/Fp) = 〈ϕ〉. The projective general linear group PGL2(Fq) is the normal subgroup of
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PΓL2(Fq) consisting of all σa,b,c,d,ν ∈ PΓL2(Fq) for which ν is the identity idFq . Recall that PΓL2(Fq)
is the automorphism group of PGL2(Fq). We have a short exact sequence of finite groups
(4.6) 1→ PGL2(Fq)→ PΓL2(Fq)→ Gal(Fq/Fp)→ 1.
Sequence (4.6) splits on the right, since the group
(4.7) A = {σν | ν ∈ Gal(Fq/Fp)} where σν : x 7→ x
ν
is a subgroup of PΓL2(Fq) which has trivial intersection with PGL2(Fq). Since PSL2(Fq) is a
characteristic subgroup of PGL2(Fq), we obtain a short exact sequence
(4.8) 1→ PSL2(Fq)→ PΓL2(Fq)
π
−→ Q→ 1
where Q lies in a short exact sequence
(4.9) 1→ PGL2(Fq)/PSL2(Fq)→ Q→ Gal(Fq/Fp)→ 1.
Since PGL2(Fq)/PSL2(Fq) has order 2, Q is abelian; in fact, Q ∼= Z/2× Z/f .
Let H be a subgroup of PΓL2(Fq) such that H contains PSL2(Fq) and has dihedral Sylow 2-
subgroups. Then H lies in a short exact sequence
(4.10) 1→ PSL2(Fq)→ H
π|G
−−→ C → 1
where C is a subgroup of Q. Let B0(H) be the principal block of kH . We first analyze the structure
of H and B0(H) in several steps.
Claim 1. The order of C is odd or exactly divisible by 2.
Proof of Claim 1. If P is a Sylow 2-subgroup of PSL2(Fq), then there exists a Sylow 2-subgroup P˜
of H that contains P . Let 2s be the maximal 2-power dividing #C, so that [P˜ : P ] = 2s. Since P
is a normal subgroup of P˜ of order at least 4, it follows from [12, Prop. (1B)] that [P˜ : P ] = 1 or
2, which proves Claim 1.
Claim 2. If the order of C is even, then H contains PGL2(Fq) with odd index.
Proof of Claim 2. If f is odd, Claim 2 follows since then Q ∼= Z/(2f) has a unique element of order
2. Assume now that f is even, so f = 2f ′ for some f ′ ≥ 1 and q ≡ 1 mod 4. Let ω ∈ F∗q be an
element of maximal 2-power order. Then Q ∼= Z/2 × Z/f has exactly 3 elements of order 2 given
by the images in Q of the following elements in PΓL2(Fq):
(4.11) λ : x 7→ −ω/x, ψ : x 7→ xϕ
f′
, λ ◦ ψ : x 7→ −ω/xϕ
f′
.
Let µ ∈ {λ, ψ, λ ◦ ψ}. Analyzing the Sylow 2-subgroups of 〈PSL2(Fq), µ〉, we see that they are
dihedral if and only if µ = λ. Since 〈PSL2(Fq), λ〉 = PGL2(Fq), this implies Claim 2.
Claim 3. The order of C is even (resp. odd) if and only if B0(H) has precisely 2 (resp. 3)
isomorphism classes of simple modules.
Proof of Claim 3. We use Clifford Theory to prove Claim 3. If C is even (resp. odd), let N =
PGL2(Fq) (resp. N = PSL2(Fq)). By Claim 2, N is a normal subgroup of H with odd index. It
follows from the description of the principal block B0(N) of kN as given in [20, p. 294–296] that
there are precisely 2 (resp. 3) isomorphism classes of simple B0(N)-modules and that every simple
B0(N)-module occurs as composition factor of every projective indecomposable B0(N)-module.
In both cases, it follows from [1, Sect. 15] that the principal block B0(H) of kH only covers the
principal block B0(N) of kN . Moreover, ifM is a B0(H)-module, then Res
H
N (M) belongs to B0(N).
Because B0(H) and B0(N) both have at most three isomorphism classes of simple modules and
because [H : N ] is odd, it follows from [25, Hauptsatz V.17.3] that for any simple B0(H)-module
E, there exists a simple B0(N)-module S and a positive integer e such that Res
H
N (E) = S
e. Since
every simple B0(N)-module occurs as composition factor of every projective indecomposable B0(N)-
module, this implies that B0(N) cannot have more isomorphism classes of simple modules than
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B0(H). In particular, B0(H) has at least two isomorphism classes of simple modules. Moreover, if
B0(H) has precisely two isomorphism classes of simple modules, then #C is even.
Conversely, suppose that #C is even, so that N = PGL2(Fq). Let E be a non-trivial simple
B0(H)-module. Then Res
H
N (E)
∼= T e, where T is the unique (up to isomorphism) non-trivial simple
B0(N)-module and e ∈ Z
+. Let N1 = PSL2(Fq), and let τ ∈ N − N1. Then Res
N
N1(T )
∼= V ⊕ V ′,
where V and V ′ are representatives of the two isomorphism classes of non-trivial simple B0(N1)-
modules and V ′ is isomorphic to the conjugate τV . Hence ResHN1(E)
∼= (V ⊕ τV )e. By [25,
Hauptsatz V.17.3], the subgroup Z of H of all h ∈ H with hV ∼= V has index 2 in H and there
exists a simple kZ-submodule W of ResHZ (E) with E
∼= IndHZ (W ) and Res
H
N1(W )
∼= V e. Moreover,
ResHZ (E) = W ⊕ τW , E
∼= IndHZ (τW ) and Res
H
N1(τW )
∼= (τV )e. Since B0(Z) has at most three
isomorphism classes of simple modules, this implies that B0(Z) has precisely three isomorphism
classes of simple modules represented by k, W and τW . By [25, Hauptsatz V.17.3], it follows that
every non-trivial simple B0(H)-module is isomorphic to Ind
H
Z (W )
∼= IndHZ (τW ). Therefore, B0(H)
has precisely two isomorphism classes of simple modules, which implies Claim 3.
We next consider the case when H = G = G/O2′(G). In particular, B0(H) = B. Since by
assumption there are precisely 2 isomorphism classes of simple B-modules, it follows by Claims 2
and 3 that PGL2(Fq) is a normal subgroup of G such that the quotient group G/PGL2(Fq) is a
subgroup of odd order of the cyclic group Gal(Fq/Fp) = 〈ϕ〉 of order f . Using the splitting of the
short exact sequence (4.6), it follows that there exists a divisor ℓ of f such that
(4.12) G = 〈PGL2(Fq), σϕℓ〉
where σϕℓ is as defined in (4.7). Since #(G/PGL2(Fq)) = #〈ϕ
ℓ〉 = f/ℓ is odd, it follows that the
maximal power of 2 that divides f also divides ℓ.
Claim 4. There exists a group Gˆ with generalized quaternion Sylow 2-subgroups such that Gˆ has
no non-trivial normal subgroups of odd order and such that Gˆ/Z(Gˆ) ∼= G, where Z(Gˆ) denotes the
center of Gˆ.
Proof of Claim 4. We use the presentation of G in (4.12). To construct Gˆ, we make use of the fact
that SL2(Fq2) has generalized quaternion Sylow 2-subgroups (see for example [25, Satz II.8.10]).
Let ω ∈ F∗q be of maximal 2-power order, and let ω0 ∈ Fq2 be such that ω
2
0 = ω. Define
z =
(
ω0 0
0 ω−10
)
∈ SL2(Fq2).
View SL2(Fq) as a subgroup of SL2(Fq2) and define
Gˆ1 = 〈SL2(Fq), z〉 ≤ SL2(Fq2).
Let φˆ be the automorphism of SL2(Fq2 ) which raises all entries of a matrix in SL2(Fq2) to their
pth powers. Then φˆ has order 2f and φˆf+ℓ has order f/ℓ, which is the order of σϕℓ . Since
φˆf+ℓ(z) = zp
f+ℓ
= −zp
ℓ
∈ Gˆ1, φˆ
f+ℓ defines an automorphism of Gˆ1 of order f/ℓ. Define Gˆ to be
the corresponding semidirect product
Gˆ = Gˆ1×〈φˆ
f+ℓ〉.
The center Z(Gˆ) obviously contains {±I} < Gˆ1, where I is the 2×2 identity matrix. Since Gˆ1/{±I}
can be identified with the subgroup of PSL2(Fq2) which is generated by PSL2(Fq) together with
the element z : x 7→ ω0 x
ω−1
0
= ω x which lies in PGL2(Fq) − PSL2(Fq), it follows that Gˆ1/{±I}
can be identified with PGL2(Fq). Under this identification, φˆ
f+ℓ sends each element σa,b,c,d,idFq ∈
PGL2(Fq) = Gˆ1/{±I} to σϕℓ ◦ σa,b,c,d,idFq ◦ (σϕℓ)
−1. Thus it follows that Gˆ/{±I} is isomorphic to
the group 〈PGL2(Fq), σϕℓ〉 = G. Because O2′(G) = 1, Gˆ has no non-trivial normal subgroups of odd
order. Since the center of PGL2(Fq) is trivial, it follows that the center of G is also trivial, which
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implies Z(Gˆ) = {±I}. Comparing orders, we see that the Sylow 2-subgroups of Gˆ are isomorphic
to Sylow 2-subgroups of SL2(Fq2), which proves Claim 4.
We now prove parts (i) and (ii) of Theorem 4.1. As discussed in the first paragraph of the proof,
it suffices to prove Theorem 4.1 for G = G and B = B. Part (i) of Theorem 4.1 follows thus from
[6, Cor. 3] together with Claim 4. To prove part (ii) of Theorem 4.1, we define an element τ ∈ G
as follows. If q ≡ 1 mod 4, we let ω ∈ F∗q be of maximal 2-power order and define τ : x 7→ −ω/x.
If q ≡ 3 mod 4, then −1 is not a square and we define τ : x 7→ −x. In both cases, τ has order 2
and lies in PGL2(Fq) − PSL2(Fq). Let U = 〈PSL2(Fq), σϕℓ〉, so G = 〈U, τ〉. Let X be a uniserial
B-module with composition factors k, k. By Claim 3, the principal block B0(U) has exactly 3
isomorphism classes of simple modules. Thus it follows from the description of B0(U) as given in
[20, p. 295–296] that Ext1kU (k, k) = 0. Hence Res
G
U (X) is a trivial kU -module. Since the action
of G on X is not trivial, it follows that ResG〈τ〉(X) is a non-trivial k〈τ 〉-module of k-dimension 2.
Hence ResG〈τ〉(X)
∼= k〈τ 〉, which implies part (ii) of Theorem 4.1. 
Remark 4.2. The proof of Theorem 4.1 shows the following. Suppose H is a subgroup of PΓL2(Fq),
where q is an odd prime power, such that H contains PSL2(Fq) and H has dihedral Sylow 2-
subgroups. Then either H/PSL2(Fq) is cyclic of odd order in which case the principal block of kH
has exactly 3 isomorphism classes of simple modules, or H contains PGL2(Fq) and H/PGL2(Fq)
is cyclic of odd order in which case the principal block of kH has exactly 2 isomorphism classes of
simple modules.
5. Stable endomorphism rings
In this section, we consider the basic k-algebras Λ1,c and Λ2,c from Section 3.1 (see Figure 1)
and determine all indecomposable modules for these algebras whose stable endomorphism rings
are isomorphic to k. As in Hypothesis 1, we assume d ≥ 3. In particular, this will determine
all indecomposable B-modules whose stable endomorphism rings are isomorphic to k for B as in
Hypothesis 1.
Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3. It follows from the definition of string algebras in [14,
Sect. 3] that Λi,c/soc(Λi,c) is a string algebra. Therefore, one can see as in [20, Sect. I.8.11] that
the isomorphism classes of all non-projective indecomposable Λi,c-modules are given by string and
band modules as defined in [14, Sect. 3]. We will give a brief introduction into the representation
theory of Λi,c in Section 7. In what follows, we freely use the notation from Section 7 without
always referring to specific results.
Before we can describe all indecomposable Λi,c-modules whose stable endomorphism rings are
isomorphic to k, we need to define some particular Λi,c-modules. As before, Ω denotes the syzygy
functor.
Definition 5.1. Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3.
(i) Define the following uniserial Λi,c-modules which are uniquely determined by their descend-
ing composition factors:
S01 =
0
1
, S10 =
1
0
, S001 =
0
0
1
, S100 =
1
0
0
.
In other words, these are the string modules S01 = M(β), S10 = M(γ), S001 = M(βα),
S100 =M(αγ).
(ii) Let C010 = β
−1γ−1(α−1β−1γ−1))2
d−2−1 if i = 1 (resp. C010 = β
−1γ−1 if i = 2). Define the
following band and string modules for Λi,c:
S
(λ)
010 =M(αC010, λ, 1) for λ ∈ k
∗ and S
(0)
010 =M(C010).
Note that for i ∈ {1, 2}, Ω(S
(λ)
010)
∼= S
(λ)
010 if c = 0 and Ω(S
(λ)
010)
∼= S
(1−λ)
010 if c = 1.
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Proposition 5.2. Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3. Suppose C is a component of the
stable Auslander-Reiten quiver of Λi,c containing a module whose endomorphism ring is isomorphic
to k. Then C contains S0, Ω(S0), S1 or S001.
(i) Suppose C contains S0. Then C and Ω(C) are both of type ZA
∞
∞. Each module M in C∪Ω(C)
satisfies EndΛi,c(M)
∼= k and Ext1Λi,c(M,M)
∼= k.
(ii) Let X = S001 if i = 1 (resp. let X = S1 if i = 2) and suppose C contains X. Then C and
Ω(C) are both of type ZA∞∞, and C = Ω(C) exactly when d = 3. If M lies in C ∪ Ω(C) with
EndΛi,c(M)
∼= k, thenM is isomorphic to Ωj(X) for some integer j and Ext1Λi,c(M,M)
∼= k.
(iii) Let Y = S1 if i = 1 (resp. let Y = S001 if i = 2) and suppose C contains Y . Then C is a
3-tube with Y belonging to its boundary, and C = Ω(C). If M lies in C with EndΛi,c(M)
∼= k,
then M ∈ {Y,Ω(Y ),Ω2(Y )} up to isomorphism, and Ext1Λi,c(M,M) = 0.
(iv) Let λ ∈ k and let T(λ) be the component of the stable Auslander-Reiten quiver of Λi,c contain-
ing S
(λ)
010. Then T
(λ) is a one-tube with S
(λ)
010 belonging to its boundary, and EndΛi,c(S
(λ)
010)
∼= k
if and only if c = 1. If c = 1 and M lies in T(λ) with EndΛi,1(M)
∼= k, then M ∼= S
(λ)
010 and
Ext1Λi,1(M,M)
∼= k.
If c = 0 (resp. c = 1), then the only components of the stable Auslander-Reiten quiver of Λi,c
containing modules whose stable endomorphism rings are isomorphic to k are the ones in (i)− (iii)
(resp. (i)− (iv)).
Proof. Considering the description of all non-projective indecomposable Λi,c-modules as string and
band modules, it is straightforward to see that for both i = 1 and i = 2 and all d ≥ 3, a complete
list of Λi,c-modules whose endomorphism rings are isomorphic to k is given by the uniserial modules
S0, S1, S01, S10, S001, S100.
Note that the uniserial modules of length 2 lie in the component of the stable Auslander-Reiten
quiver of Λi,c containing S0 if i = 1 (resp. Ω(S0) if i = 2). For i ∈ {1, 2}, S100 = Ω
−2(S001).
Let first i = 2 and c = 0. If d = 3, then Λ2,0 is Morita equivalent to kS4. Therefore, Proposition
5.2 follows from [11, Thm. 1.1]. Let now d > 3. Going through the arguments for kS4 in [11, Sect.
7], it is not hard to see that we can generalize them to d > 3. The only difference is that for d > 3,
strings and bands can contain subwords of the form η, η2, η3, . . . , η2
d−2−1, whereas for d = 3 only η
can occur as such a subword. It follows that the only components of the stable Auslander-Reiten
quiver of Λ2,0 that possibly contain an indecomposable module whose stable endomorphism ring is
isomorphic to k are either the unique 3-tube, or the components containing a simple module S or
its syzygy Ω(S). Similarly to the proof of [11, Lemma 6.1], it follows that the only modules in the 3-
tube whose stable endomorphism rings are isomorphic to k lie at its boundary. Since these modules
correspond to string modules of maximal directed strings, we see that these modules are isomorphic
to S001, S100 or the uniserial module of length 2
d−2 whose composition factors are all isomorphic to
S1. Using the projective module P0, we see that Ext
1
Λ2,0 (S001, S001)
∼= HomΛ2,0 (S100, S001) = 0. This
proves part (iii). If C contains S1 or Ω(S1), it follows similarly to the proof of [11, Lemma 5.1] that
the only modules in C whose stable endomorphism rings are isomorphic to k are the modules in the Ω-
orbit of S1. Using the projective module P1, we see that Ext
1
Λ2,0(S1, S1)
∼= HomΛ2,0(Ω(S1), S1)
∼= k.
This prove part (ii). Finally consider the components C containing S0 and Ω(S0). By [6, Cor. 4],
Λ2,0 is Morita equivalent to the principal block B0 of kH when H is the projective general linear
group PGL2(Fq), where q ≡ 3 mod 4 and 2
d is the maximal 2-power dividing (q2 − 1). Hence to
prove that the stable endomorphism ring of each Λ2,0-module M in C ∪Ω(C) is isomorphic to k, it
suffices to prove that the indecomposable B0-module V corresponding to each such M under the
Morita equivalence is an endo-trivial kH-module. This follows using similar arguments as in the
proof of [11, Lemma 4.1]. Since Endk(V ), viewed as a kH-module, is stably isomorphic to the trivial
simple kH-module k, it follows that Ext1B0(V, V )
∼= H1(H,Endk(V )) ∼= H
1(H, k) ∼= Ext1B0(k, k) is
12 FRAUKE M. BLEHER, GIOVANNA LLOSENT, AND JENNIFER B. SCHAEFER
isomorphic to Ext1Λ2,0(S0, S0)
∼= k. This proves part (i) and completes the proof of Proposition 5.2
when c = 0 and i = 2.
Next suppose that i = 2 and c = 1. We can organize the string and band modules for Λ2,1 in the
same manner as for Λ2,0 above. The only difference to the above case is that we need to be careful
when using the projective module P0 in our arguments. Going through the arguments in [11, Sect.
7] in this way, we see that the only components of the stable Auslander-Reiten quiver of Λ2,1 that
possibly contain an indecomposable module whose stable endomorphism ring is isomorphic to k are
either the unique 3-tube, or the components containing a simple module S or its syzygy Ω(S), or
the one-tubes T(λ), λ ∈ k, described in part (iv) of Proposition 5.2. For the 3-tube and the stable
Auslander-Reiten components containing S1 and Ω(S1) we can adjust the arguments used in the
case when i = 2 and c = 0 to prove parts (ii) and (iii). Suppose now that λ ∈ k. If λ 6= 0, then it
follows from [26] (see also Remark 7.5) that the stable endomorphism ring of each module in T(λ)
that does not lie at the boundary (i.e. that is not isomorphic to S
(λ)
010) is not isomorphic to k. If
λ = 0, then the modules that do not lie at the boundary of T(0) (i.e. that are not isomorphic to S
(0)
010)
are string modules corresponding to the strings β−1γ−1(αβ−1γ−1)n for n ≥ 1. All of these have
a non-zero endomorphism whose image is isomorphic to S
(0)
010 and which does not factor through a
projective module. Consider now S
(λ)
010 for λ ∈ k. The endomorphism ring of S
(λ)
010 has k-dimension
2. Since Ω(S
(λ)
010)
∼= S
(1−λ)
010 , it follows that the non-zero endomorphisms of S
(λ)
010 whose image is
isomorphic to S0 factor through P0. Hence the stable endomorphism ring of S
(λ)
010 is isomorphic
to k. On the other hand, the non-zero homomorphisms from Ω(S
(λ)
010) → S
(λ)
010 whose images are
isomorphic to S0 do not factor through P0, which implies that Ext
1
Λ2,1(S
(λ)
010, S
(λ)
010)
∼= k. This proves
part (iv). Finally consider the stable Auslander-Reiten component C0 containing S0. Since we
cannot use the same arguments as in the case when i = 2 and c = 0, we need to use the description
of the homomorphisms between string modules as described in [26] (see Remark 7.4) to prove the
statements in part (i). Using hooks and cohooks (see Definition 7.3), we see that all the modules
in C0 ∪ Ω(C0) lie in the Ω-orbits of the following string modules:
(5.13) S0, M((αβ
−1γ−1)n), M((α−1γβ)n), n ≥ 1.
We have EndΛ2,1(S0)
∼= k and Ext1Λ2,1 (S0, S0)
∼= k. For n ≥ 1, let Mn = M((αβ
−1γ−1)n) and let
{xr}
3n
r=0 be a canonical k-basis for Mn relative to the representative (αβ
−1γ−1)n (see Definition
7.1). Let ha = x3a−2 for 1 ≤ a ≤ n and let fb = x3b for 0 ≤ b ≤ n. Then h1, . . . , hn (resp.
f0, . . . , fn) generate Mn/rad(Mn) (resp. soc(Mn)). By Remark 7.4, each endomorphism of Mn is a
k-linear combination of the identity morphism and the endomorphisms µa,b (1 ≤ a ≤ n, 0 ≤ b ≤ n)
where µa,b sends ha to fb and all other xr to zero. Considering the projective module P0, it follows
that µa,b + µa,b+1 + µa+1,b+1 factors through P0 for 1 ≤ a ≤ n − 1, 0 ≤ b ≤ n − 1. Moreover,
µ1,b factors through P0 for 1 ≤ b ≤ n and µn,b + µn,b+1 factors through P0 for 0 ≤ b ≤ n − 1.
Combining these endomorphisms in a suitable way and using an inductive argument, we see that
µa,b factors through a direct sum of copies of P0 for all 1 ≤ a ≤ n, 0 ≤ b ≤ n, which implies
that EndΛ2,1(Mn)
∼= k. Since Ext1Λ2,1(Mn,Mn)
∼= HomΛ2,1 (Ω(Mn),Mn), we also have to consider
Ω(Mn) =M(γ
−1(αβ−1γ−1)n−1). Note that Ω(Mn) can be identified with the Λ2,1-submodule ofMn
having {xr}
3n
r=2 as a k-basis. Let h
′
1 = x2 and h
′
a = x3a−2 for 2 ≤ a ≤ n, so that h
′
1, . . . , h
′
n generate
Ω(Mn)/rad(Ω(Mn)). By Remark 7.4, each homomorphism Ω(Mn)→Mn is a k-linear combination
of the inclusion homomorphism Ω(Mn) →֒Mn and the homomorphisms µ
′
a,b (2 ≤ a ≤ n, 0 ≤ b ≤ n)
where µ′a,b sends h
′
a to fb and all other basis elements to zero. Using a similar argument as for
the homomorphisms µa,b above, we see that µ
′
a,b factors through a direct sum of copies of P0 for
2 ≤ a ≤ n, 0 ≤ b ≤ n. Hence Ext1Λ2,1 (Mn,Mn)
∼= k for all n ≥ 1. The remaining modules
M((α−1γβ)n) in (5.13) are treated similarly to Mn. This proves part (i) and completes the proof
of Proposition 5.2 when i = 2 and c = 1.
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Suppose now that i = 1 and c ∈ {0, 1}. By [24, Prop. 3.1], for fixed d ≥ 3, Λ1,c and Λ2,c are
derived equivalent. By [30, Cor. 5.5], this means that there is a stable equivalence of Morita type
between Λ1,c and Λ2,c. In particular, this stable equivalence commutes with Ω and identifies the
stable Auslander-Reiten quivers of Λ1,c and Λ2,c. Thus to complete the proof when i = 1, we need to
find the components of the stable Auslander-Reiten quiver of Λ1,c that correspond under this stable
equivalence to the components of the stable Auslander-Reiten quiver of Λ2,c containing modules
whose stable endomorphism rings are isomorphic to k. Since the projective Λ1,c-module cover P1 of
S1 is uniserial, it follows that S1 lies at the boundary of the unique 3-tube of the stable Auslander-
Reiten quiver of Λ1,c, which proves part (iii). Let C be a component of the stable Auslander-Reiten
quiver of Λ1,c containing Y = S001. Since C is of type ZA
∞
∞ and contains modules whose stable
endomorphism rings have k-dimension at least two, C must correspond to one of the components of
the stable Auslander-Reiten quiver of Λ2,c containing S1 and Ω(S1). This proves part (ii). If C is the
component of the stable Auslander-Reiten quiver of Λ1,c containing S0 (resp. Ω(S0)), then C is of
type ZA∞∞. Since we have matched up the components of this type for part (ii), C must correspond
to one of the components of the stable Auslander-Reiten quiver of Λ2,c containing S0 and Ω(S0).
This proves part (i). If c = 1, we also need to find the one-tubes that contain Λ1,1-modules whose
stable endomorphism rings are isomorphic to k. Considering all indecomposable Λ1,1-modules lying
in one-tubes, we see that the only such modules whose stable endomorphism rings are possibly
isomorphic to k are the modules S
(λ)
010 for λ ∈ k. Since Ω(S
(λ)
010)
∼= S
(1−λ)
010 for all λ ∈ k, it follows
that the stable endomorphism ring of S
(λ)
010 is isomorphic to k for all λ ∈ k. This proves part (iv)
and completes the proof of Proposition 5.2 when i = 1 and c ∈ {0, 1}. 
6. Universal deformation rings
Assume that k, W , F , d, G, B and D are as in Hypothesis 1. Let i ∈ {1, 2} and c ∈ {0, 1} such
that B is Morita equivalent to Λi,c. As before, T0 (resp. T1) is the simple B-module that under
this Morita equivalence corresponds to the simple Λi,c-module S0 (resp. S1).
In this section, we determine the universal deformation rings of all finitely generated indecom-
posable kG-modules V which belong to B and whose stable endomorphism rings are isomorphic
to k. In particular, this will prove Theorem 1.3. We use Proposition 5.2 which, using the Morita
equivalence between Λi,c and B, gives a precise description of these modules.
6.1. The stable Auslander-Reiten components of B containing T0 and Ω(T0). Let C0 be
the stable Auslander-Reiten component of B containing T0. By Proposition 5.2(i), the stable
endomorphism ring of every module in C0 ∪ Ω(C0) is isomorphic to k. The component C0 looks as
in Figure 4, where A0 = T0 and for n ≥ 1, the B-module An (resp. A−n) corresponds under the
Morita equivalence between Λi,c and B to the Λi,c-string module M(Ci,n) (resp. M(Ci,−n)) with
C1,n =
(
α(β−1γ−1α−1)2
d−2−1β−1γ−1
)n
, C1,−n =
(
α−1(γβα)2
d−2−1γβ
)n
,(6.14)
C2,n = (αβ
−1γ−1)n, C2,−n = (α
−1γβ)n.(6.15)
Lemma 6.1. For all n ∈ Z, the B-module An from Figure 4 has 2 non-isomorphic lifts over W .
Proof. If B is Morita equivalent to Λ2,c, the ideas to prove Lemma 6.1 are similar to the ones used
to prove the corresponding fact in [11, Lemma 4.2]. Since the proof of [11, Lemma 4.2] uses some
explicit lifts of kS4-modules overW , which we do not know how to establish for more general blocks
B, we provide a slightly different strategy, which will also work if B is Morita equivalent to Λ1,c.
Suppose first that B is Morita equivalent to Λ2,c. We will prove that for all n ≥ 0, the module
An from Figure 4 has 2 non-isomorphic lifts overW , the case of the modules A−n being similar. Let
PWT0 be a lift over W of the projective B-module cover PT0 of T0. It follows from the decomposition
matrix in Figure 2 that F ⊗W P
W
T0
= Ξ1 ⊕ Ξ2 ⊕ Ξ3 ⊕ Ξ4 where Ξj is a simple FG-module with
F -character χj for 1 ≤ j ≤ 4. By [18, Prop. (23.7)], X = P
W
T0
/(PWT0 ∩ (Ξ2 ⊕ Ξ4)) is a WG-module
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Figure 4. The stable Auslander-Reiten component C0 near T0 = A0.
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which is free over W and has F -character χ1 + χ3, and X
′ = PWT0 /(P
W
T0
∩ (Ξ1 ⊕ Ξ3)) is a WG-
module which is free over W and has F -character χ2 + χ4. Moreover, both k ⊗W X and k ⊗W X
′
are indecomposable kG-modules that are quotient modules of PT0 and have composition factors
T0, T0, T1. Since it follows from the decomposition matrix in Figure 2 and [18, Prop. (23.7)] that
the uniserial kG-module T1···1 of length 2
d−2 whose composition factors are all isomorphic to T1
does not have a lift overW , neither k⊗WX nor k⊗WX
′ can be isomorphic to Ω(T1···1). This means
that k⊗W X (resp. k⊗W X
′) corresponds either to the uniserial Λ2,c-string module M(β
−1γ−1), or
to the Λ2,c-string module M(αβ
−1), or to the Λ2,c-band module M(αβ
−1γ−1, λ, 1) for some λ ∈ k∗.
In any case, we have non-split short exact sequences of kG-modules
0 // An−1 // An // k ⊗W X // 0 ,(6.16)
0 // An−1 // An // k ⊗W X
′ // 0 .(6.17)
It follows from the decomposition matrix in Figure 2 that A0 = T0 has two non-isomorphic lifts
(UW0,1, φ0,1) and (U
W
0,2, φ0,2) over W whose F -characters are given by χ1 and χ2, respectively. Let
n ≥ 1. Using that A0 corresponds to the Λ2,c-module S0 and, for n > 1, An−1 corresponds to the
Λ2,c-module M(C2,n−1), where C2,n−1 is the string in (6.15), we can use Remark 7.4 to prove
HomkG(k ⊗W X,An−1) ∼= k
n ∼= HomkG(k ⊗W X
′, An−1)
and
Ext1kG(k ⊗W X,An−1)
∼= k ∼= Ext1kG(k ⊗W X
′, An−1).
Assume by induction that An−1 has two lifts (U
W
n−1,1, φn−1,1) and (U
W
n−1,2, φn−1,2) over W such
that the F -character of UWn−1,1 is
(6.18)
{
χ1 + s(χ1 + χ3) + s(χ2 + χ4) if n− 1 = 2s
χ1 + s(χ1 + χ3) + (s+ 1)(χ2 + χ4) if n− 1 = 2s+ 1
}
,
and the F -character of UWn−1,2 is
(6.19)
{
χ2 + s(χ1 + χ3) + s(χ2 + χ4) if n− 1 = 2s
χ2 + (s+ 1)(χ1 + χ3) + s(χ2 + χ4) if n− 1 = 2s+ 1
}
.
Then if n− 1 = 2s,
dimF HomFG(F ⊗W X
′, F ⊗W U
W
n−1,1) = s+ s = 2s = n− 1,
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and if n− 1 = 2s+ 1,
dimF HomFG(F ⊗W X,F ⊗W U
W
n−1,1) = 1 + s+ s = 2s+ 1 = n− 1.
Similarly, if n− 1 = 2s then dimF HomFG(F ⊗W X,F ⊗W U
W
n−1,2) = n− 1, and if n− 1 = 2s+ 1
then dimF HomFG(F ⊗W X
′, F ⊗W U
W
n−1,2) = n − 1. Hence by [5, Lemma 2.3.2], An has two
non-isomorphic lifts (UWn,1, φn,1) and (U
W
n,2, φn,2) over W whose F -characters are as in (6.18) and
(6.19) when n− 1 is replaced by n.
Now suppose that B is Morita equivalent to Λ1,c. Again, we concentrate on the modules An for
n ≥ 0, the case of the modules A−n being similar. We want to use a similar inductive argument as
above. The tricky part is to find modules that correspond to the above X and X ′ and which provide
short exact sequences of the form (6.16) and (6.17). For this, we use a variation of [5, Lemma 2.3.2].
Consider the string
Z = (β−1γ−1α−1)2
d−2−1β−1.
Analyzing the Λ1,c-modules that are non-trivial extensions of M(Z) by S0, we see that they are
isomorphic to either
M(Zγ−1), or M(αZ), or M(αZγ−1, λ, 1) for λ ∈ k∗.
Moreover, if M is any of these modules, then for all n ≥ 1, there is a short exact sequence of
Λ1,c-modules
0→M(C1,n−1)→M(C1,n)→M → 0,
where we set M(C1,0) = S0. Let Y be the B-module corresponding to the Λ1,c-module M(Z).
Using the projective B-module cover PT1 of T1, it follows from the decomposition matrix for B in
Figure 2 and [18, Prop. (23.7)] that Y has two non-isomorphic lifts (Y W1 , ψ1) and (Y
W
2 , ψ2) over
W with F -characters χ3+
∑2d−2−1
j=1 χ5,j and χ4+
∑2d−2−1
j=1 χ5,j , respectively. Also, T0 has two non-
isomorphic lifts (UW0,1, φ0,1) and (U
W
0,2, φ0,2) with F -characters χ1 and χ2, respectively. This implies
that HomFG(F ⊗W Y
W
ℓ , F ⊗W U
W
0,ℓ) = 0 for ℓ ∈ {1, 2}. Moreover, HomkG(Y, T0)
∼= k. Following
the proof of [5, Lemma 2.3.2], this implies that, for ℓ ∈ {1, 2}, the natural map
Ext1WG(Y
W
ℓ , U
W
0,ℓ)→ Ext
1
kG(Y, T0),
which is induced by reduction modulo 2, has non-trivial image. Therefore, there exist WG-modules
X andX ′ that are free overW such that k⊗WX and k⊗WX
′ lie in short exact sequences of the form
(6.16) and (6.17), respectively, and such that the F -character of X is equal to χ1+χ3+
∑2d−2−1
j=1 χ5,j
and the F -character of X ′ is equal to χ2 + χ4 +
∑2d−2−1
j=1 χ5,j . We can now proceed using a similar
inductive argument as in the case when B is Morita equivalent to Λ2,c to complete the proof of
Lemma 6.1. 
Proposition 6.2. Let V be a B-module in C0 ∪ Ω(C0). Then R(G, V ) is isomorphic to a W -
subalgebra of W [Z/2]. If B is a principal block, then R(G, V ) ∼=W [Z/2].
Proof. By Proposition 2.2(ii), it suffices to prove Proposition 6.2 when V = An for some n ∈ Z,
where An is as in Figure 4.
Suppose that B is Morita equivalent to Λ2,c. Let n ≥ 0 and Vn ∈ {An, A−n}. We first prove
that for all n ≥ 0, Rn = R(G, Vn)/2R(G, Vn) is isomorphic to k[t]/(t
2). From Proposition 5.2(i) it
follows that Ext1kG(Vn, Vn)
∼= k, which implies that Rn is isomorphic to a quotient algebra of k[[t]].
Let T00 be the uniserial kG-module with composition factors T0, T0 and let PT0 be the projective
B-module cover of T0. Then we have a non-split short exact sequence of kG-modules
(6.20) 0 // Vn // (PT0)
n ⊕ T00 // Vn // 0 .
Hence Un = (PT0)
n⊕T00 is a free k[t]/(t
2)-module which defines a lift (Un, φn) of Vn over k[t]/(t
2).
Thus there is a unique k-algebra homomorphism σ : Rn → k[t]/(t
2) corresponding to (Un, φn). Since
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(Un, φn) is not the trivial lift of Vn over k[t]/(t
2), σ is surjective. We want to show that σ is a k-
algebra isomorphism. Suppose this is false. Then there exists a surjective k-algebra homomorphism
σ′ : Rn → k[t]/(t
3) such that π ◦ σ′ = σ where π : k[t]/(t3) → k[t]/(t2) is the natural projection.
Let (En, ηn) be a lift of Vn over k[t]/(t
3) relative to σ′. Then k[t]/(t2)⊗π En ∼= Un and t
2En ∼= Vn.
Thus we have a short exact sequence of k[t]/(t3)G-modules
(6.21) 0→ t2En → En → Un → 0.
Since Ext1kG(Un, t
2En) ∼= Ext
1
kG(T00, Vn) = 0, the sequence (6.21) splits as a sequence of kG-
modules, i.e. En ∼= Vn⊕Un as kG-modules. Identifying the kG-module structure ofEn with Vn⊕Un,
multiplication by t on an element (v, u) ∈ Vn ⊕ Un = En is given by t · (v, u) = (g(u), t · u), where
g : Un → Vn is a surjective kG-module homomorphism. Hence t
2·(v, u) = (g(t·u), t2·u) = (g(t·u), 0).
Since t2En ∼= Vn, this means that g
∣∣
t·Un
: t ·Un → Vn must be an isomorphism of kG-modules. On
the other hand, Un = (PT0 )
n ⊕ T00 and soc(t · Un) contains a non-zero submodule of soc((PT0)
n)
(resp. soc(T00)) if n ≥ 1 (resp. n = 0). Since every surjective kG-module homomorphism Un → Vn
sends the elements in soc((PT0 )
n) (resp. soc(T00)) to zero if n ≥ 1 (resp. n = 0), we get a
contradiction. Therefore, En does not exist, which means that σ is a k-algebra isomorphism. Thus
Rn = R(G, Vn)/2R(G, Vn) ∼= k[t]/(t
2).
By [24, Prop. 3.1], for fixed d ≥ 3, Λ1,c and Λ2,c are derived equivalent. By [30, Cor. 5.5], this
means that there is a stable equivalence of Morita type between Λ1,c and Λ2,c. Hence it follows from
[5, Lemma 2.2.3] that R(G, Vn)/2R(G, Vn) ∼= k[t]/(t
2) for all n ≥ 0 when B is Morita equivalent to
Λ1,c and Vn ∈ {An, A−n} for B.
Suppose now that B is Morita equivalent to either Λ1,c or Λ2,c, and let n ≥ 0. By Lemma
6.1, Vn has two non-isomorphic lifts over W . By [10, Lemma 2.1], this means that R(G, Vn) ∼=
W [[t]]/(t(t − 2µVn)) for some non-zero µVn ∈ W . This implies that R(G, Vn) is isomorphic to a
W -subalgebra of W [Z/2].
To prove the last statement of Proposition 6.2, let us now assume that B is a principal block of
kG. By Theorem 4.1(i), there exists i ∈ {1, 2} such that B is Morita equivalent to Λi,0, i.e. the
parameter c is zero. As above, let T00 be a uniserial kG-module with composition factors T0, T0.
By Theorem 4.1(ii), there exists an element τ ∈ G of order 2 such that ResG〈τ〉(T00)
∼= k〈τ〉. Let
J = 〈τ〉. Then ResGJ (T00)
∼= kJ . Consider the restriction of the projective cover PT0 to J , which
is a projective kJ-module. If B is Morita equivalent to Λ2,0, we can directly use the description of
the radical series of PT0 in Figure 3 to see that Res
G
J (T1) is also a projective kJ-module. If B is
Morita equivalent to Λ1,0, then we can use the description of the radical series of PT0 in Figure 3 to
see that ResGJ (Ω
−1(T001)) is a projective kJ-module, where T001 denotes the uniserial kG-module
with descending composition factors T0, T0, T1. Since Res
G
J (PT1 ) is projective, this then implies that
ResGJ (T001), and hence Res
G
J (T1), is a projective kJ-module. It follows that for both i = 1 and i = 2
and for all n ≥ 0, ResGJ (Vn)
∼= k⊕Qn, where Qn is a projective kJ-module. Therefore, Res
G
J (Vn) is a
kJ-module whose stable endomorphism ring is isomorphic to k. Moreover, its universal deformation
ring is R(J,ResGJ (Vn))
∼= W [Z/2]. Let (Un,J , φn,J) be a universal lift of Res
G
J (Vn) over W [Z/2],
and let (Un, φn) be a universal lift of Vn over R(G, Vn). Then there exists a unique W -algebra
homomorphism fn : W [Z/2]→ R(G, Vn) in C such that the lift (Res
G
J (Un),Res
G
J (φn)) is isomorphic
to the lift (R(G, Vn)⊗W [Z/2],fn Un,J , (φn,J )fn). Since for both i = 1 and i = 2, Un = (PT0)
n ⊕ T00
defines a non-trivial lift of Vn over k[ǫ]/(ǫ
2) and the restriction ResGJ (Un) defines a non-trivial lift
of ResGJ (Vn) over k[ǫ]/(ǫ
2), it follows that fn : W [Z/2] → R(G, Vn) is surjective. By Lemma 6.1,
there are two distinct morphisms R(G, Vn) → W in C, which means that Spec(R(G, Vn)) contains
both points of the generic fiber of Spec(W [Z/2]). Since the Zariski closure of these points is all of
Spec(W [Z/2]), this implies that R(G, Vn) must be isomorphic to W [Z/2]. This completes the proof
of Proposition 6.2. 
DIHEDRAL BLOCKS WITH TWO SIMPLE MODULES 17
6.2. The 3-tube of the stable Auslander-Reiten quiver of B. Let T3 be the stable Auslander-
Reiten component of B that is a 3-tube. By Proposition 5.2(iii), the only modules in T3 whose
stable endomorphism rings are isomorphic to k are the modules at its boundary.
Proposition 6.3. Let V be a B-module at the boundary of T3. Then R(G, V ) ∼= k.
Proof. We want to use similar arguments to the ones used in [5, Sect. 5.2]. The crucial step is to
establish that certain statements are true for T3 that closely resemble the statements in [5, Facts
5.2.1]. Because of the work in [20, Chapter V], we indeed have the following facts. Let V be a
module at the boundary of T3 and let K be a vertex of V .
(i) The group K is a Klein four group and the quotient group NG(K)/CG(K) is isomorphic to
a symmetric group S3.
(ii) There is a block b of kNG(K) with b
G = B such that the Green correspondent fV of V
belongs to the boundary of a 3-tube in the stable Auslander-Reiten quiver of b. Moreover,
b is Morita equivalent to kS4 modulo the socle.
Because of these facts, it follows as in [5, Prop. 5.2.4] that if U is an indecomposable b-module
belonging to the boundary of the 3-tube of the stable Auslander-Reiten quiver of b, then U has a
universal deformation ring that is isomorphic to k. Arguing as in the proof of [5, Cor. 5.2.5], we
then see that this implies that R(G, V ) ∼= k. 
6.3. The stable Auslander-Reiten components of B corresponding to part (ii) of Propo-
sition 5.2. Let C1 be one of the stable Auslander-Reiten components of B that correspond to part
(ii) of Proposition 5.2. Let T100 (resp. T001) be the uniserial B-module with descending composition
factors T1, T0, T0 (resp. T0, T0, T1). Note that T001 ∼= Ω
2(T100). If B is Morita equivalent to Λi,c,
then C1 contains the B-module Z, where
(6.22) Z = T100 if i = 1 (resp. Z = T1 if i = 2).
By Proposition 5.2(ii), the only modules in C1 ∪ Ω(C1) whose stable endomorphism rings are iso-
morphic to k lie in the Ω-orbit of Z.
Proposition 6.4. Let V be a B-module in C1∪Ω(C1) whose stable endomorphism ring is isomorphic
to k. Then R(G, V ) ∼= W [[t]]/(t pd(t), 2 pd(t)), where pd(t) ∈ W [t] is as in Definition 3.1. In
particular, R(G, V ) is isomorphic to a subquotient algebra of WD.
Proof. By Proposition 2.2(ii) and Proposition 5.2(ii), it suffices to prove Proposition 6.4 when V = Z
as in (6.22).
Suppose first that B is Morita equivalent to Λ2,c. Then Z = T1. We first prove that R =
R(G, T1)/2R(G, T1) is isomorphic to k[t]/(t
2d−2). By Proposition 5.2(ii), Ext1kG(T1, T1)
∼= k, which
implies that R is isomorphic to a quotient algebra of k[[t]]. By Figure 3, the projective indecom-
posable kG-module PT1 has the form
T1
U1 U2
T1
where U1 is uniserial of length 2 and U2 is uniserial
of length 2d−2 − 1 whose composition factors are all isomorphic to T1. Let U be the uniserial B-
module corresponding to the Λ2,c-string moduleM(η
2d−2−1) and let T001 be the uniserial B-module
corresponding to the Λ2,c-string module M(βα). Then U =
T1
U2
and T001 =
U1
T1
, and
Ext1kG(U, T1) = HomkG(Ω(U), T1) = HomkG(T001, T1) = 0.
By [5, Lemma 2.3.1], this implies that R ∼= k[t]/(t2
d−2
) and that the universal mod 2 deformation
of T1 over R is represented by the kG-module U .
To compute the universal deformation ring R = R(G, T1), we use similar arguments to the
ones used in [5, Sect. 5.3]. The uniserial kG-module U ′ = U/T1 of length 2
d−2 − 1 defines a
lift of T1 over k[t]/(t
2d−2−1). It follows from the decomposition matrix in Figure 2 and [18, Prop.
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(23.7)] that there is aW -pureWG-sublattice X ′ of the projective indecomposableWG-module PWT1
with top T1 such that U
′ = PWT1 /X
′ has F -character
∑d−1
ℓ=2 ρℓ =
∑2d−2−1
j=1 χ5,j. Since U
′/2U ′ is an
indecomposable kG-module with top T1 that has the same composition factors as U ′, it is isomorphic
to U ′. Hence U ′ defines a lift (U ′, φ′) of U ′ over W . Using similar arguments as in the proof of [5,
Thm. 5.1] and employing the statements about the ordinary characters belonging to B discussed
in Section 3.2, it follows that U ′ also defines a lift (U ′, ψ′) of T1 over R
′, where R′ =W [[t]]/(pd(t))
is as in Definition 3.1. We therefore have a continuous W -algebra homomorphism σ′ : R → R′
relative to (U ′, ψ′). Since U ′/2U ′ is indecomposable as a kG-module, σ′ must be surjective. By [5,
Lemma 2.3.3], it follows that R ∼= W [[t]]/(pd(t)(t − 2µ), a 2
mpd(t)) for certain µ ∈ W , a ∈ {0, 1}
and 0 < m ∈ Z. If a = 0, then R ∼= W [[t]]/(pd(t)(t − 2µ)) is free over W . If a = 1, then
(W/2mW )⊗W R ∼= (W/2
mW )[[t]]/(pd(t)(t− 2µ)) is free over W/2
mW . Therefore it follows that if
a = 0 (resp. a = 1), then there is a lift of U , when regarded as a kG-module, over W (resp. over
W/2mW ). But U ∼= Ω−1(T001), which means that U is a module at the end of the 3-tube, and
hence R(G,U) ∼= k by Proposition 6.3. Therefore, a = 1 and m = 1. Since by [5, Lemma 2.3.6] the
ring W [[t]]/(t pd(t), 2 pd(t)) is isomorphic to a subquotient algebra of WD, this proves Proposition
6.4 when i = 2.
Suppose now that B is Morita equivalent to Λ1,c. Then Z = T100. Since by [24, Prop. 3.1] and
[30, Cor. 5.5], there is a stable equivalence of Morita type between Λ1,c and Λ2,c, it follows by [5,
Lemma 2.2.3] that R(G, T100)/2R(G, T100) ∼= k[t]/(t
2d−2). By considering the projective cover PT1
of T1, it follows moreover that U = Ω
−1(T1) defines the universal mod 2 deformation of T100. The
uniserial kG-module U ′ = U/T100 of length 3(2
d−2 − 1) defines a lift of T100 over k[t]/(t
2d−2−1). It
follows from the decomposition matrix in Figure 2 and [18, Prop. (23.7)] that there is aW -pureWG-
sublattice X ′ of the projective indecomposableWG-module PWT1 with top T1 such that U
′ = PWT1 /X
′
has F -character
∑d−1
ℓ=2 ρℓ =
∑2d−2−1
j=1 χ5,j . Since U
′/2U ′ is an indecomposable kG-module with top
T1 that has the same composition factors as U ′, it is isomorphic to U ′. Using similar arguments
to the case when B is Morita equivalent to Λ2,c, we see that R(G, T100) ∼= W [[t]]/(t pd(t), 2 pd(t)).
This proves Proposition 6.4 when i = 1. 
6.4. The one-tubes of the stable Auslander-Reiten quiver of B in the case when c = 1. In
this subsection, we assume c = 1, i.e. B is Morita equivalent to Λi,1 for some i ∈ {1, 2}. For λ ∈ k,
let TB,λ be the one-tube of the stable Auslander-Reiten quiver of B that corresponds, under the
Morita equivalence, to the one-tube T(λ) of the stable Auslander-Reiten quiver of Λi,1 from part (iv)
of Proposition 5.2. By Proposition 5.2(iv), the only modules in TB,λ whose stable endomorphism
rings are isomorphic to k are the modules at its boundary.
Proposition 6.5. Let λ ∈ k and let V be a B-module at the boundary of TB,λ. Then R(G, V ) ∼=
W [[t]]/(2 fV (t)) for a certain power series fV (t) ∈W [[t]].
Proof. Suppose first that B is Morita equivalent to Λ2,1. For λ ∈ k, let Vλ be the B-module
which under the Morita equivalence corresponds to the Λ2,1-module S
(λ)
010 from Definition 5.1. We
first prove that Rλ = R(G, Vλ)/2R(G, Vλ) is isomorphic to k[[t]]. Since Ext
1
kG(Vλ, Vλ)
∼= k by
Proposition 5.2(iv), it follows that Rλ is isomorphic to a quotient algebra of k[[t]]. For n ≥ 1 and
λ ∈ k, define S
(λ,n)
010 =M(αβ
−1γ−1, λ, n) for λ 6= 0 and S
(0,n)
010 =M(β
−1γ−1(αβ−1γ−1)n−1), and let
Vλ,n be the B-module corresponding to the Λ2,1-module S
(λ,n)
010 . Using the description of S
(λ,n)
010 via
canonical bases from Definitions 7.1 and 7.2 together with the Morita equivalence between B and
Λ2,1, we can use induction to establish the following for all n ≥ 2 and λ ∈ k. There are non-split
short exact sequences of B-modules of the form
0→ Vλ
ι1,n
−−→ Vλ,n
πn,n−1
−−−−→ Vλ,n−1 → 0,(6.23)
0→ Vλ,n−1
ιn−1,n
−−−−→ Vλ,n
πn,1
−−−→ Vλ → 0,(6.24)
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such that πn,1 = π2,1 ◦ · · · ◦ πn,n−1 and ι1,n = ιn−1,n ◦ · · · ◦ ι1,2. Moreover, if τλ,n = ιn−1,n ◦ πn,n−1,
then for all 1 ≤ ℓ ≤ n− 1, (τλ,n)
ℓ
(Vλ,n) = ιn−ℓ,n(Vλ,n−ℓ), where ιn−ℓ,n = ιn−1,n ◦ · · · ◦ ιn−ℓ,n−ℓ+1,
and (τλ,n)
n
(Vλ,n) = 0. It follows that τλ,n defines a k[t]/(t
n)-module structure on Vλ,n such
that the submodules tℓ · Vλ,n, 0 ≤ ℓ ≤ n, form a filtration of Vλ,n of k[t]/(t
n)-modules whose
successive quotients are isomorphic to Vλ. We conclude that Vλ,n is a free k[t]/(t
n)-module. Since
Vλ,n/t · Vλ,n ∼= Vλ as B-modules, it follows that Vλ,n defines a lift of Vλ over k[t]/(t
n). Hence there
exists a unique k-algebra homomorphism σλ,n : Rλ → k[t]/(t
n) corresponding to this lift. Since Vλ,n
is an indecomposable kG-module, it follows that σλ,n is surjective for all n ≥ 1. But this implies
that Rλ ∼= k[[t]]. Since Ω
2(Vλ) ∼= Vλ, we have Ext
2
kG(Vλ, Vλ)
∼= k. By [29, Sect. 1.6], this means that
R(G, Vλ) is isomorphic to a quotient algebra of W [[t]] by an ideal generated by a single element. In
other words, R(G, Vλ) ∼=W [[t]]/(hλ(t)) for some hλ(t) ∈ W [[t]]. Since R(G, Vλ)/2R(G, Vλ) ∼= k[[t]],
all coefficients of hλ(t) must be divisible by 2. This proves Proposition 6.5 when i = 2.
Suppose now that B is Morita equivalent to Λ1,1. For λ ∈ k, let Vλ be the B-module which
under the Morita equivalence corresponds to the Λ1,1-module S
(λ)
010 from Definition 5.1. Since by
[24, Prop. 3.1] and [30, Cor. 5.5], there is a stable equivalence of Morita type between Λ1,1 and
Λ2,1, it follows by [5, Lemma 2.2.3] that R(G, Vλ)/2R(G, Vλ) ∼= k[[t]]. Since Ext
2
kG(Vλ, Vλ)
∼= k, we
can argue as in the case when i = 2 that R(G, Vλ) ∼= W [[t]]/(2 fλ(t)) for a certain fλ(t) ∈ W [[t]].
This proves Proposition 6.5 when i = 1. 
7. Background: Representation theory of the basic algebras from Section 3.1
Let i ∈ {1, 2}, let c ∈ {0, 1} and let d ≥ 3. In this section, we give a brief introduction into the
representation theory of the basic k-algebras Λi,c from Section 3.1 (see Figure 1). It follows from
the definition of string algebras in [14, Sect. 3] that Λi,c/soc(Λi,c) is a string algebra. Therefore, one
can see as in [20, Sect. I.8.11] that the isomorphism classes of all non-projective indecomposable
Λi,c-modules are given by string and band modules as defined in [14, Sect. 3]. Define
J1 = {βγ, α
2, (γβα)2
d−2
, (αγβ)2
d−2
, (βαγ)2
d−2
} ⊂ kQ1,(7.25)
J2 = {α
2, ηβ, γη, βγ, γβα, αγβ, βαγ, η2
d−2
} ⊂ kQ2.(7.26)
Then Λi,c/soc(Λi,c) = kQi/〈Ji〉.
7.1. String and band modules. For each arrow ζ in Qi, we define a formal inverse ζ
−1 with
starting point s(ζ−1) = e(ζ) and end point e(ζ−1) = s(ζ). A word relative to the quiver Qi is
a sequence w = w1 · · ·wn, where each wj is either an arrow or a formal inverse in Qi such that
s(wj) = e(wj+1) for 1 ≤ j ≤ n − 1. Define s(w) = s(wn), e(w) = e(w1) and w
−1 = w−1n · · ·w
−1
1 .
There are also empty words 10 and 11 of length 0 with e(10) = 0 = s(10), e(11) = 1 = s(11) and
(10)
−1 = 10, (11)
−1 = 11. Denote the set of all words relative to Qi by Wi, and the set of all
non-empty words w with e(w) = s(w) by Wri .
Definition 7.1. Let ∼s be the equivalence relation on Wi with w ∼s w
′ if and only if w = w′
or w−1 = w′. Then a string for Λi,c is a representative w ∈ Wi of an equivalence class under ∼s
with the following property: Either w = 1u for u ∈ {0, 1}, or w = w1 · · ·wn where wj 6= w
−1
j+1 for
1 ≤ j ≤ n− 1 and no subword of w or its formal inverse belongs to Ji.
Let C = w1 · · ·wn be such a string of length n ≥ 1. Then there exists an indecomposable
Λi,c-module M(C), called the string module M(C) corresponding to the string C, which can be
described as follows. There is a k-basis {z0, z1, . . . , zn} of M(C) such that the action of Λi,c on
M(C) is given by the following representation ϕC : Λi,c → Mat(n + 1, k). Let v(j) = e(wj+1) for
0 ≤ j ≤ n − 1 and v(n) = s(wn). Then for each vertex u ∈ {0, 1}, for each arrow ζ in Qi and for
each 0 ≤ j ≤ n,
ϕC(u)(zj) =
{
zj , if v(j) = u
0 , else
}
and ϕC(ζ)(zj) =


zj−1 , if wj = ζ
zj+1 , if wj+1 = ζ
−1
0 , else

 .
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We call ϕC the canonical representation and {z0, z1, . . . , zn} a canonical k-basis for M(C) relative
to the representative C. Note that M(C) ∼=M(C−1).
The string modules for the empty words are isomorphic to the simple Λi,c-modules, namely
M(10) ∼= S0 and M(11) ∼= S1.
Definition 7.2. Let w = w1 · · ·wn ∈ W
r
i . Then, for 0 ≤ j ≤ n−1, the j-th rotation of w is defined
to be the word ρj(w) = wj+1 · · ·wnw1 · · ·wj . Let ∼r be the equivalence relation on W
r
i such that
w ∼r w
′ if and only if w = ρj(w
′) for some j or w−1 = ρj(w
′) for some j. Then a band for Λi,c is a
representative w ∈ Wri of an equivalence class under ∼r with the following property: w = w1 · · ·wn,
n ≥ 1, with wj 6= w
−1
j+1 and wn 6= w
−1
1 , such that w is not a power of a smaller word, and, for all
positive integers m, no subword of wm or its formal inverse belongs to Ji.
Let B = w1 · · ·wn be such a band of length n. Then for each integer m > 0 and each λ ∈ k
∗ there
exists an indecomposable Λi,c-module M(B, λ,m) which is called the band module corresponding
to the band B, λ and m, which can be described as follows. There is a k-basis
{z0,1, z0,2, . . . , z0,m, z1,1, . . . , z1,m, . . . , zn−1,1, . . . , zn−1,m}
of M(B, λ,m) such that the action of Λi,c on M(B, λ,m) is given by the following representation
ϕB,λ,m : Λi,c → Mat(n·m, k). Let v(j) = e(wj+1) for 0 ≤ j ≤ n−1. Then for each vertex u ∈ {0, 1},
for each arrow ζ in Qi and for all 0 ≤ j ≤ n− 1, 1 ≤ j
′ ≤ m, we have
ϕB,λ,m(u)(zj,j′) =
{
zj,j′ , if v(j) = u
0 , else
}
and
ϕB,λ,m(ζ)(zj,j′ ) =


λ z0,j′ + z0,j′+1 , if wj = ζ and j = 1
zj−1,j′ , if wj = ζ and j 6= 1
λ−1z1,j′ + z1,j′+1 , if wj+1 = ζ
−1 and j = 0
zj+1,j′ , if wj+1 = ζ
−1 and j 6= 0
0 , else


where z0,m+1 = 0 = z1,m+1 and zn,j′ = z0,j′ for all j
′. We call ϕB,λ,m the canonical representation
and {z0,1, z0,2, . . . , z0,m, z1,1, . . . , z1,m, . . . , zn−1,1, . . . , zn−1,m} a canonical k-basis for M(B, λ,m)
relative to the representative B. Note that we have for all 0 ≤ j ≤ n− 1,
M(B, λ,m) ∼=M(ρj(B), λ,m) ∼=M(ρj(B)
−1, λ−1,m).
7.2. The stable Auslander-Reiten quiver. Each component of the stable Auslander-Reiten
quiver of Λi,c consists either entirely of string modules or entirely of band modules. The band
modules all lie in 1-tubes. The components consisting of string modules are one 1-tube, one 3-tube
and infinitely many non-periodic components of type ZA∞∞. The irreducible morphisms between
string modules can be described using hooks and cohooks, which are defined as follows. Let
M1 = {βα(γβα)
2d−2−1, γβ(αγβ)2
d−2−1, αγ(βαγ)2
d−2−1, 11} ⊂ kQ1,(7.27)
M2 = {γβ, βα, αγ, η
2d−2−1} ⊂ kQ2.(7.28)
Definition 7.3. Let S be a string for Λi,c. We say that S starts on a peak (resp. starts in a deep)
if for each arrow ζ in Qi, Sζ (resp. Sζ
−1) is not a string. Dually, we say that S ends on a peak
(resp. ends in a deep) if for each arrow ξ in Qi, ξ
−1S (resp. ξS) is not a string.
If S does not start on a peak (resp. does not start in a deep), there is a unique arrow ζ in Qi
and a unique M ∈ Mi such that Sh = SζM
−1 (resp. Sc = Sζ
−1M) is a string. We say Sh (resp.
Sc) is obtained from S by adding a hook (resp. a cohook) on the right side.
Dually, if S does not end on a peak (resp. does not end in a deep), there is a unique arrow ξ in
Qi and a unique N ∈ Mi such that hS = Nξ
−1S (resp. cS = N
−1ξS) is a string. We say hS (resp.
cS) is obtained from S by adding a hook (resp. a cohook) on the left side.
All irreducible morphisms between string modules are either canonical injectionsM(S)→M(Sh),
M(S)→M(hS), or canonical projections M(Sc)→M(S), M(cS)→M(S).
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7.3. Homomorphisms between string and band modules. In [26], all homomorphisms be-
tween string and band modules were determined. The following remark describes the homomor-
phisms between string modules using the canonical bases defined in Definition 7.1.
Remark 7.4. Let S and T be strings for Λi,c. Let M(S) (resp. M(T )) be the corresponding string
module with a canonical k-basis {xu}
m
u=0 (resp. {yv}
n
v=0) relative to the representative S (resp. T ).
Suppose C is a string for Λi,c such that
(i) S ∼s S
′CS′′ with (S′ of length 0 or S′ = Sˆ′ζ1) and (S
′′ of length 0 or S′′ = ζ−12 Sˆ
′′), where
S′, Sˆ′, S′′, Sˆ′′ are strings relative to Qi and Ji and ζ1, ζ2 are arrows in Qi; and
(ii) T ∼s T
′CT ′′ with (T ′ of length 0 or T ′ = Tˆ ′ξ−11 ) and (T
′′ of length 0 or T ′′ = ξ2Tˆ
′′), where
T ′, Tˆ ′, T ′′, Tˆ ′′ are strings relative to Qi and Ji and ξ1, ξ2 are arrows in Qi.
Then there exists a non-zero Λi,c-module homomorphism σC : M(S)→M(T ) which factors through
M(C) and which sends each element of {xu}
m
u=0 either to zero or to an element of {yv}
n
v=0, according
to the relative position of C in S and T , respectively. If e.g. S = s1s2 · · · sm, T = t1t2 · · · tn, and
C = sa+1sa+2 · · · sa+ℓ = t
−1
b+ℓt
−1
b+ℓ−1 · · · t
−1
b+1, then
σC(xa+t) = yb+ℓ−t for 0 ≤ t ≤ ℓ, and σC(xu) = 0 for all other u.
Note that there may be several choices of S′, S′′ (resp. T ′, T ′′) in (i) (resp. (ii)). In other words, there
may be several k-linearly independent homomorphisms factoring throughM(C). By [26], every Λi,c-
module homomorphism σ : M(S) → M(T ) is a unique k-linear combination of homomorphisms
which factor through string modules corresponding to strings C satisfying (i) and (ii).
Remark 7.5. Suppose B is a band for Λi,c, λ ∈ k
∗ and m is a positive integer. It follows from [26]
that if m ≥ 2, then the stable endomorphism ring EndΛi,c(M(B, λ,m)) has k-dimension at least 2.
Moreover, if m = 1, then the endomorphism ring of M(B, λ, 1) can be described in a similar way
as in Remark 7.4, using the canonical bases defined in Definition 7.2.
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